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Introduction

THIS Note investigates the efficacy of Newton-Krylov-Schwarz
algorithms in solving low-Mach-number compressible flow

problems with combustion. Two low-Mach-number chemically re-
acting flow model problems are considered. The first problem is
low-speed combusting flow through a channel, representing an ide-
alized laminar diffusion flame. The second problem considers an
expansion channel, representing an idealized combustion chamber,
and introduces low-Mach-number recirculation zones. The results
presented here build on recent work,1 which has demonstrated the
effectiveness of Newton-Krylov methods for solving low-Mach-
number combustion problems. Additionally, this Note is a con-
densed version of Ref. 2. Here we study domain-based additive
Schwarz preconditioned,3 which may offer certain advantages over
more conventional incomplete lower-upper (ILU) factorization type
preconditioning.4 This study draws attention to an important issue
that affects the performance of these domain-based precondition-
ers, namely, subdomain solvers. We also demonstrate the ability
to generate effective preconditioners with a low-order spatial dis-
cretization.
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Newton-Krylov-Schwarz Method
The pseudotransient Newton-Krylov algorithm used here fol-

lows the implementation outlined in previous work.1 Specifically,
the Jacobian is evaluated only periodically to generate a new pre-
conditioner, the cost of which is then amortized over many Newton
steps. However, and this is a very important point, the effect of the
current Jacobian is captured within the Krylov iteration by approxi-
mating Jacobian-vector products with finite difference projections.5
The performance of the Krylov algorithm in solving these linear
systems is improved via matrix preconditioning. With right pre-
conditioning, the linear systems that are iteratively solved on each
Newton step are of the form

n + Jn)P~l][P8xn] = -F(xn) (D

where F(x") is the residual vector at the nth Newton iteration repre-
senting the system of discrete algebraic equations,/" is the numeri-
cally evaluated Jacobian matrix, P is the preconditioning matrix, V
is a diagonal matrix with entries equal to cell volumes, and Af" is
the pseudotime step. Also, 8x" is the vector update used to obtain
the new solution approximation according to xn+l = xn + a8xn.
The damping coefficient a is described in Ref. 1.

The discrete system represented by F(xn) is obtained from a fi-
nite volume discretization of the governing equations using a stag-
gered, Cartesian mesh. Second-order central differencing is used for
derivative terms other than convection. Convection is treated using
Leonard's quadratic upstream interpolation for convective kinemat-
ics (QUICK) scheme6 to compute convected quantities at cell faces.
To preserve monotonicity, the QUICK scheme is flux limited. The
flux limiting strategy selected here was first proposed by Gaskel and
Lau7 in describing their SMART scheme. Convergence of the outer
Newton iteration is based on the maximum relative Newton up-
date

maxaiim max(

, being less thanand the infinity norm of the residual,
1 x 1(T6.

Jacobian-vector products within the Krylov algorithm are re-
placed with finite difference projections.5 The generalized minimal
residual (GMRES) algorithm8 is selected as the Krylov solver based
on previous observations concerning this type of implementation.9
Thus, terms of the formJP~lv appearing within the GMRES algo-
rithm are computed from

(2)

where v is a general Krylov vector and e is a small perturbation.
The advantage of using Eq. (2) is that it approximates the action

of the Jacobian without explicitly computing the full Jacobian ma-
trix. This implementation allows the number of expensive numerical
Jacobian evaluations to be reduced considerably, while maintaining
strong Newton-like nonlinear convergence. Explicit formation is
needed only periodically to refresh the preconditioner used during
the Krylov iteration. Often a less costly approximate Jacobian, such
as the one arising from a low-order discretization, may suffice in
generating a new preconditioner.10

The one-level additive Schwarz preconditioner used in this work
is described in detail by Dryja and Widlund.3 The goal is to construct
a global preconditioner that incorporates solutions of p subdomain
problems. The operation of the one-level additive Schwarz precon-
ditioner on a general Krylov vector, such as the one appearing in
Eq. (2), can be expressed as

(3)

where (Pf6)"1 is an approximate inverse to the ith subdomain
contribution to the matrix (V/&tn + «/*). The restriction matrix
Ri extracts the portions of the v vector corresponding to the ith
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subdomain. The outer action of the restriction matrix transpose
serves to map the resulting subdomain vector back to the global
domain. This study compares different choices for the subdomain
solver, i.e., different methods for computing (Pf*b)~l. In this work,
both complete and incomplete factorizations of Pfb are considered.
The complete factorizations use UNPACK banded Gaussian elim-
ination. ILU factorizations4 are constructed from either a pointwise
basis, i.e., ILU(fc), where k denotes the level of fill in, or an anal-
ogous block ILU (BILU) basis, i.e., BILU(&), where the blocks
are defined by the variables and equations within a finite volume.
Schwarz preconditioners are ideal for the cache-based, distributed-
memory multiprocessors dominating the scientific marketplace.
Their application possesses concurrency on the granularity of the
subdomains by construction, and they induce a blocking on standard
preconditioners, such as ILU, that leads to much improved cache
locality and, therefore, higher computation rates, even in serial.

Results and Discussion
The nondimensional conservation equations for chemically re-

acting, compressible, laminar flow with variable transport coeffi-
cients expressed in two-dimensional Cartesian coordinates consti-
tute the physical model. The problems considered here contain three
species continuity equations (fuel, oxidizer, and product with finite
rate chemistry), two momentum equations, and one thermal energy
equation, resulting in a system of six coupled equations. The details
of the physical model and the geometry of problem 1 are given in
Ref. 1, and the geometry of problem 2 is given in Ref. 2. Numerical
solutions to the second model problem (idealized combustion cham-
ber) were observed to be considerably more challenging than the first
problem, which did not exhibit the recirculating flow regions.

Different Subdomain Partitions and Solvers: Problem 1
This subsection discusses algorithm performance data accumu-

lated from steady-state solutions to the first model problem on a

90 x 30 uniform grid. The starting point for these calculations
was a poor initial guess. The initial pseudotime step Af° for these
calculations was set at 0.05, representing an acoustic Courant-
Friedrichs-Lewy (CFL) number of approximately 2. The maximum
allowed pseudotime step size Armax was 100, yielding a maximum
acoustic CFL number of approximately 3800. Table 1 presents algo-
rithm performance data and preconditioner memory requirements
as a function of various subdomain blocking strategies and solvers.
The first column indicates the selected blocking strategy (x blocks
x y blocks), whereas the first row indicates the selected subdo-
main solver, i.e., the manner in which F?ub is factored. Performance
data listed for each subdomain solver include the number of non-
linear Newton steps n, the average number of GMRES iterations
per Newton step m along with the number of instances where the
GMRES iteration reached the upper bound of 50 (number of hits),
the Hewlett Packard-735 CPU time, and the computer memory re-
quired for storage of the preconditioner. The ILU(O) subdomain
solver was generally ineffective for this problem and so its data
were omitted from Table 1. The loss of diagonal dominance of the
Jacobian in very low-Mach number flows has been observed to fa-
vor Schwarz methods with exact subdomain solves1 over global ILU
(too weak) and global exact solves (too expensive). With respect to
the stripwise partitions, cuts across the flow channel, e.g., 3 x 1
and 6 x 1, typically produced a more effective preconditioner (mea-
sured with lower values for m) than did cuts along the flow chan-
nel, e.g., 1 x 3 and 1 x 6, an observation consistent with previous
work.11

Preconditioning with a Low-Order Discretization: Problem 1
This subsection investigates the advantages of using a less ex-

pensive, low-order discretization, i.e., first-order upwinding, in the
evaluation of the preconditioner. Table 2 presents algorithm perfor-
mance data using this approach. These data should be compared with
those in Table 1, which used the higher-order discretization in the

Table 1 Algorithm performance data and preconditioner memory requirements using additive Schwarz preconditioning
with four different subdomain solvers, problem 1

LINPACK banded
Gaussian elimination

Blocking

1 x 1
1x3
3 x 1
1x6
6 x 1
9 x 3

n

141
142
141
141
141
142

m number CPU,
of hits h

5-0 2.73
13-0 1.50
10-0 3.28
24-2 1.80
14-0 3.59
24-1 2.17

Memory,
MB

142.4
49.1

142.4
25.8
72.4
49.1

n

142
141
162
141
166

ILU(l)
(156 nonzero diagonals)
m number CPU,

of hits h

14-0 1.62
23-0 2.22
19-10 2.25
24-2 1.98
24-37 2.70

Memory,
MB

20.2
20.2
20.2
15.7
20.2
20.2

n

141
152
141
153
141
152

BILU(O)
(13 block diagonals)

m number CPU, Memory,
of hits h MB

26-0 1.69
30-22 2.18
25-9 1.76
36-43 2.56
27-12 1.87
33-33 2.35

10.1
10.1
10.1
10.1
10.1
10.1

n

142
144
142
143
142
142

BILU(l)
(21 block diagonals)

m number CPU, Memory,
of hits h MB

14-0 1.25 16.3
23-3 1.85 16.3
17-0 1.49 16.3
23-2 1.77 16.3
20-0 1.61 16.3
29-9 2.15 16.3

Table 2 Algorithm performance data and preconditioner memory requirements using a Jacobian from a low-order discretization
to generate a preconditioner, problem 1

Blocking
1x1
3 x 1
6 x 1
9 x 3

n

141
142
141
142

LINPACK banded
Gaussian elimination

m number CPU, Memory,
of hits h MB

5-0 1.29 72.5
10-0 1.72 72.5
13-0 2.03 37.5
23-0 1.76 25.8

ILU(l)
(113 nonzero diagonals)

n

141
142
141
148

m number CPU,
of hits h

13-0 1.23
19-10 1.63
20-1 1.71
29-21 2.36

Memory,
MB

14.6
14.6
14.6
14.6

n

142
148
142
141

BILU(O)
(9 block diagonals)

m number CPU,
of hits h

19-1 1.30
21-1 1.46
24-4 1.59
32-27 1.95

Memory,
MB

7.0
7.0
7.0
7.0

n

142
142
142
141

BILU(l)
(13 block diagonals)

m number CPU, Memory,
of hits h MB

14-0 1.11
17-0 1.30
20-0 1.41
19-13 1.88

10.1
10.1
10.1
10.1

Table 3 Algorithm performance data for 120 X 70 uniform grid solution for problem 2 at Re = 60

Blocking
1x1

6 x 1

Convection discretization
scheme used during

preconditioner evaluation

Upwind
QUICK
Upwind
QUICK

BILU(O)

n
41
44
42
54

m number
of hits

36-24
39-30
37-28
41-41

CPU,
h

2.34
2.75
2.39
3.63

Memory,
MB

21.8
31.5
21.8
31.5

n
41
40
41
40

BILU(l)
in number

of hits

33-18
32-11
36-24
36-24

CPU,
h

2.23
2.51
2.48
2.73

Memory,
MB

31.5
50.8
31.5
50.8

n

41
42
41
41

BILU(2)
m number

of hits

22-0
23-0
32-6
35-20

CPU,
h

1.79
2.51
2.35
3.33

Memory,
MB

46.0
89.5
46.0
89.5
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preconditioner evaluation. An immediate benefit of this technique
is a marked reduction in the preconditioner memory requirements.
This is reflected in the reduced number of nonzero diagonals (or
block diagonals) required for the same level of fill in. In all cases,
the average GMRES iterations diminished or stayed the same, in-
dicating that the overall preconditioner quality was not negatively
impacted, whereas CPU efficiency was improved.

Geometry Effects: Problem 2
Performance data for the idealized combustion chamber model

problem using a 120 x 70 uniform grid are presented in Table 3
for Re = 60 and Ma = 0.14. These calculations were initialized
from an interpolated 60 x 35 grid solution. The pseudotime step
control parameters were again set to the values used earlier so that
CFL° « 1.4 and CFLmax ^2800. The ILU subdomain solvers were
not effective for any of the partition selections. As with the first
model problem, stripwise cuts across the flow channel were more
effective than cuts along the flow channel. As shown in Table 3,
both the low-order and high-order discretizations were used in the
preconditioner evaluation for comparison purposes. Using the first-
order upwind discretization scheme in the preconditioner evaluation
was more effective than using the flux limited QUICK scheme in
terms of both computer memory requirements and CPU times. This
was the case despite that, at Re = 60, the flow reattachment length
of the flux limited QUICK solution is approximately 53% longer
than that obtained using first-order upwinding.

Summary
This Note presents pseudotransient Newton-Krylov-Schwarz so-

lutions to two idealized low-Mach-number combustion problems.
Schwarz methods offer effective and flexible preconditioning op-
tions for problems of this type, while also providing an avenue
toward parallelism. BILU subdomain solvers generally provided
a good compromise between subdomain solver quality and mem-
ory requirements. Preconditioning with a low-order discretization
proved to be a wise choice in terms of both computer memory re-
quirements and algorithm performance.
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I. Introduction

T HE optimal design of structures with frequency constraints
is extremely useful in manipulating dynamic characteristics

in a variety of ways.1 References 2 and 3 first pointed out that the
singularity of eigenvalue derivatives with respect to the design vector
does not allow use of the Kuhn-T\icker condition with multiple
frequency constraints. Recently, Czyz and Lukasiewicz4 put forward
the optimality criteria using Lagrange multipliers. The strategy of
these algorithms in overcoming the singularity is that the variation
(or increment) oh of design vector h is confined to a subspace AH
in which the multiplicity of the eigenvalue does not change (8h e
AH). Reference 5 takes damping into account, but once the repeated
eigenvalues appear this method will be doomed to failure.

Various optimal structural methods under multiple eigenvalue
constraints require knowledge of corresponding modes and sensitiv-
ities of the (progressively improved) structure. Hence, after almost
every iteration improvement, modes and sensitivity would be rean-
alyzed. To save computational cost and hasten the optimal design,
Refs. 6 and 7 posed the substructural sensitivity synthesis tech-
niques; unfortunately, their formulas are confined to simple eigen-
values.

The purpose of this Note is to develop a highly efficient algorithm
for structural optimization under multiple frequency constraints,
making use of the generalized variations 8q of design vectors h to
automatically achieve the optimality search of 8h G AH. This not
only ensures that the Kuhn-Tucker condition holds but also excludes
additional Lagrange multipliers. We use the improved substructural
synthesis suitable for repeated eigenvalue sensitivity analysis of gen-
eral nondefective vibratory systems8'9 to quickly draw the required
simple or repeated eigenvalue modes and their sensitivities of a
complex structure after every iteration.
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